arXiv:1509.01960vl [math.CA] 7 Sep 2015 
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Abstract 

In this paper, we develop a new method based on the Laplace transform to study the Glifford- 
Fourier transform. First, the kernel of the Glifford-Fourier transform in the Laplace domain is ob¬ 
tained. When the dimension is even, the inverse Laplace transform may be computed and we obtain 
the explicit expression for the kernel as a finite sum of Bessel functions. We equally obtain the plane 
wave decomposition and find new integral representations for the kernel in all dimensions. Finally 
we define and compute the formal generating function for the even dimensional kernels. 
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1 Introduction 

In recent years, quite a bit of attention has been paid to the Clifford-Fourier transform 

F-if)iy) [ Km{x,y)f{x)dx 

with kernel given by 

K^{x,y) = 

where 

Fy := — ^ ^ ^j^k{yjdyk ~ ykdyj). 
j<k 

Here {x, y) is the standard Euclidean inner product on K™ and the Cj generate a Clifford algebra. 

This transform was introduced in [2] as a generalization of the classical Fourier transform (FT) for 
multichannel signals. Because of the underlying Clifford algebra structure and its geometric interpre¬ 
tation, a transform is obtained that properly mixes the signals to be investigated. It nevertheless still 
satisfies many important properties of the classical FT, such as inversion, Plancherel theorem, behaviour 
of differentiation and (generalized) translation, etc. 

It turned out to be a hard problem to compute its integral kernel Km explicitly. This was first done 
for m = 2 in [3]. In [1] a recursive algorithm was presented to compute the kernel in even dimension. 
A completely explicit expression for all even dimensions was subsequently obtained in by using plane 
wave decompositions. 

In later work, the results were extended to fractional versions of the Clifford-Fourier transform mm 
and integral kernels satisfying certain generalized Helmholtz PDEs in Clifford analysis [6]. In [8] an 
approach using Lie superalgebras and group symmetries led to a complete classification of transforms 
that behave in the same way as both the Clifford-Fourier transform and the classical Fourier transform. 
Uncertainty principles for these transforms were obtained in mm- 

The main aim of the present paper is to develop a new and elegant method to compute the integral 
kernel Km- This will be done by introducing an auxiliary variable t and subsequently expressing its 
Laplace transform 

£(^m/2-lg-it(x.y)^ 

in terms of the Cauchy kernel for the Dirac operator. In the Laplace domain, the action of Ty is obtained 
using a monogenic expansion. Laplace inversion then yields our main result in the even dimensional case. 

Our approach bypasses the need for a rather complicated induction argument in [9] . As an additional 
bonus, we are now able to compute an explicit generating function for all even dimensional kernels by 
again using the Laplace domain expression. This is achieved in Theorem [3 and |8l 

The paper is organized as follows. In Section 2 we recall basic facts concerning the Laplace transform, 
Clifford analysis and the Clifford-Fourier transform. In Section 3 we first compute the Laplace domain 
expression for the fractional Clifford-Fourier kernel. We use this result to reobtain both the plane wave 
decomposition and the explicit expression through Laplace inversion. Finally we derive a new integral 
identity for the kernel and we construct the generating function. 


2 Preliminaries 


2.1 The Laplace transform 


The Laplace transform is widely used to solve differential and integral equations. Like the Fourier 
transform, the Laplace transform maps the original differential equation into an elementary algebraic 
expression. The solution of the latter can then be transformed back to the solution of the original 
problem. Suppose that / is a real or complex valued function of the variable t > 0 and s is a complex 
parameter. The Laplace transform of / which has exponential order a, i.e. |/(t)| < Ce"*, t > to is defined 
as 

/•OO 

F{s) = C{f{t)) = / 


JO 
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By Lerch’s theorem m, if we restrict our attention to functions which are continuous on [0,oo), then 
the inverse transform 

C-\F{s)) = fit) 

is uniquely defined. Inverse Laplace transforms can be computed directly by the complex inversion 
formula, which is based on contour integration. Often, we can use integral transform tables (see e.g. [10) 1 
and the partial fraction expansion to compute Laplace transform. We list some which will be used in this 
paper: 


fc>0; 

1 


:, fc > 0; 


£(cos at) 
£(sin at) 


We also need some inverse Laplace transforms, with r = (s^ + R 

have 


s + a 

m 

(s + af 
s 


( 1 ) 

( 2 ) 

(3) 

(4) 

s + r and gis) = C{f{t)). We 


£-i(2-^-i/2r(j. + = 

£-i(2‘^+V-i/2r(z^ + i/2)a''r-'^''-^s) = 

i^~^{r~^9{r)) = 


J^iat), Re(z^) > —l,Re(s) > |Im(a)|; 

FJviat), Re(i/) > —l/2,Re(s) > |Im(a)|; 

Jviat), Re(i/) > —l,Re(s) > |Im(a)|; 

f Jo[a(t^ - 

Jo 


(5) 

( 6 ) 

(7) 

( 8 ) 

(9) 


^ ^iai'i')) = fit)-af /[(t^ - 
Jo 

C~^{sr~^gir)) = fit)-atf Ji[a(t^ - ■u^)^/^]/(it)du. (10) 

Jo 


The partial fraction decomposition of a rational polynomial 


Fis) = 


‘ + biS + 6 o _ ^(■5) 

a„s" + + • • • + ais + ao Bis)' 


in > m) 


expresses £(s) as a sum of fractions with simple denominator. We only show the case when F(s) has a 
single pole of order m. Then £(s) can be expressed as 


Fis) = 


Cm— 1 


^( 5 ) _ Cm _ 

ig _ p)m (^g _ p^m (^g _ 


Cl 

S — p' 


£ 


with complex constants Cm-j = jijp^[Bis)is - p)'^]s=p, j = 1, • • • 

The Laplace transform of a matrix valued function is simply the matrix of Laplace transforms of the 
individual elements. For example 

/l/(s-l) 

te \^l/(s + l)^ 

Suppose A is an n X n matrix. The matrix exponential is interpreted in terms of a power series, namely 

i 2 j .2 

eMAt) = I + At+^ + ^ + .... 
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By analogy with the scalar case, we have 


£(e^‘) = {sI-A)-\ 


For more about the Laplace transform of matrix-valued functions, see |16j . 


2.2 Clifford analysis 

Let R.™ be the usual m-dimensional Euclidean space with an orthonormal basis {ci, 62 ,..., 6 ^}- The 
Clifford algebra C£o,m associated with K'" is spanned by the reduced products 

m 

= CiiCij ... Cjj : a = {d,*2, ■ • ■, ij}, I < ii < 12 < ■ ■ ■ < ij < m} 

with the relations CiCj + ejei = —25ij. We have Cio^m = {So, ^aXa', Xa G R}- The Clifford algebra Cio^m 
is a graded algebra as C-^o.m = where C£q is spanned by reduced Clifford products of length 1. 

The Clifford algebra C£o,m is a 2’”-dimensional real associative algebra with identity and contains a copy 
of R"* by the canonical mapping x = Xjei. Now we can define the inner product and the wedge 

product of two vectors x,y G R™ using the Clifford product: 


lib ^ 

{x,y): = =--(xy-hyx); 

i=i 

x^y■ = '^CjCkixjyk - Xkyj) =-{xy - yx). 

j<k 


It is easy to get xy = —{x, y) + x /\y, and {x A yY = —-I- (x, yY (see [S]). Because = —1, 

we can consider as an imaginary unit. Now we can Laplace transform and get 

£(e-(-Ay)t) ^- 1 -^ 

s + x Ay 

The complexified Clifford algebra „ is defined as C 0 C£o,m- 

The conjugation is defined by [e-h ■■■^ 31 ) ~ ■ ■ ■ ^31 ^ linear mapping. For x, y G C£q we 

have {xy) = x = x, and i = i which is not the usual complex conjugation. We define the Clifford 
norm of x by |xp = xx, x G 

Remark 1. Even when we complexify x, we shall use the sum of squares norm, not the hermitian norm. 


The Dirac operator is defined as: 

m 

D = ^ Cjdxy 
i=i 

When u is a scalar function, Du can be identified with the gradient Vu. A function is called monogenic 
if Du = 0. An important example of a monogenic function is the generalized Cauchy kernel [T] 


G(x) 


1 X 
IWm Ixl™ 


where ujm is the surface area of the unit ball in R™. It is the fundamental solution of the Dirac operator. 
Note that the norm here is |x| = ^^.d coincides with the Clifford norm. In the following, 

when the two norms are equal, we will not point it out again. 

Denote by V the space of polynomials taking values in he. V := R[xi,... ,Xm] 0 The 

space of homogeneous polynomials of degree k is then denoted by Pk- The space Mk '■= (kerD) fl Vk is 
called the space of spherical monogenics of degree k. 

The local behaviour of a monogenic function near a point can be investigated by the polynomials 
introduced above. The following theorem is the analogue of the Taylor series in complex analysis. 
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Theorem 1. Suppose f is monogenic in an open set containing the origin, 
open neighbourhood A of the origin in which f can be developed into a normally 
spherical monogenics Mkf{x), i.e. 

OO 

/(*) = '^Mkf{x), 
k=0 

with Mkf{x) G Mk- 

We further introduce the Gamma operator (see n) 

hx .— ^ ^ ^j^k(.Xjdxk Xkdxj^ — xDx Six- 

j<k 

Here Ex = is the Euler operator. Note that Fj; commutes with scalar radial functions. The 

operator Fj, has two important eigenspaces: 


Then there exists an 
convergent series of 


rxMk = -kMk, ( 11 ) 

Tx{xMk-i) = {k + m - 2)xMk-i (12) 

which follows from the definition of F^;. 

2.3 The Clifford-Fourier transform 

The classical Fourier transform 


E{f){y) = ( 2 ^)—[ e-^^^^y^f{x)dx, 

JR'^ 

with (x,y) the inner product on can be represented by the operator exponential 

see e.g. m, m- Brackx, De Schepper and Sommen introduced a pair of Fourier transforms using the 
angular Dirac operator F^; in the Clifford algebra setting in [2] . More precisely, it is defined by 

= g (A—|a:| ) 

For F_, we denote the kernel as 

KUx,y)=e^^^ye-^<-^’y\ 

In general, it is not easy to compute this kernel explicitly. In [^, the authors derived the kernel for even 
dimensions as a finite sum of Bessel functions. Later in [7], the fractional Clifford-Fourier transform was 
introduced as a generalization of the fractional Fourier transform 

and the kernels of even dimensions were obtained by a similar method. In [^, a new construction of the 
fractional Clifford-Fourier kernels was given by solving wave-type problems. In the present paper the 
fractional Clifford-Fourier kernel is computed as 

Kf,{x,y)=Ey^^e-^^-’y\ 

The more general case can also be obtained using our method. 
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3 Laplace transform method 

3.1 The fractional Clifford-Fourier kernel in the Laplace domain 

In this section we introduce an auxiliary variable t in the exponent of the classical Fourier transform and 
then use the Laplace transform to get the Clifford-Fourier kernel in the Laplace domain. 

We use the notation := By direct computation, (s + )(s — y—) = We 

also have 


1 + 


yx 


= 1 + 


yx 


= 1 + 


yx 


1 + 


1 + 


yx 


xy 


s + 

| 2 l ,|2 


1 + 

1 - 

S + y /— 

2 (s- {x,y)) 




yx + xy 

{s + y/^y 

‘^{x,y) , (s + V^)(s - \/^) 


(S + 


(13) 


where we have used the Clifford norm. Then using 0, we can express terms of the 

generalized Cauchy kernel introduced in the previous section. We have 


£(r(m/2)e*("’^)) = 


r(TO/2) 


(s - (a:,y))™/2 

F(m/2) 


y/2 


1 + 


yx 


r(m/2) 


1 + 


yx 


y[l H-^— ■j=)x 


s + v — 


s + v — 




1 + 






2'"/2-ir(m/2) 


1 + 


yx 




y{l + — 

_ g + y- 

S + y/— 


y/^{s + ^)W2-1 

1 1 

m 


-L 1 ! - 

5 + \/~ 



(14) 


The first equality is by m, the second equality by (in, and the third equality follows by 


yx 


y(i 




= )a 


S + V — 


S + V — 


= 1 


yx 


yx 


yyxx 


= 1 - 


S + yf^ S + yf^ (s + yf^Y 
(s + y/—)(s — y/^) 


(S + y/^Y 


2^^ 


Next we will compute ig*pr„gt(a;,y)^ acting with e'-'P^y on both sides of (fldll . The generalized 

Cauchy kernel G(^y) = is a monogenic function except at the origin. By translation, , 

\yx+-i\^ monogenic in y except at —x,—x~^,—x~^ respectively. Using Theorem[Tl 
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we can express as a series of spherical monogenic polynomials, i.e. 


yx + l 


= Moiy) + Mi{y) + M 2 {y) + ■ 


\yx + l\ 

where Mk{y) is a spherical monogenic of order k. Substituting for y, we have 

yx 


1 + 


5 + V — 


Mo{y) , Miiy) 


1 


yx 


(s + v^)0 (s + v^)l 


Using dD, we obtain 


1 + 


yx 


yx 


1 + 


^yMoiy) , ^yMi{y) 


(s + v^)o (s + v^)i 

0-Mo{y) {-1)-Mi{y) (-2) ■ M^jy) 


and so 


Jp^y 


1 + 


yx 


1 + 


yx 




e*P'°Mo(y) e^P<-^^M2{y) 

(s + v^)o (s + v^)i (s + 


= Mn 




(s + ^/^) 
e~‘Pyx 


e "^Py 
(s + v^) 


+ M 2 


e ^Py 
(s + v^) 


+ 


e ^Pyx 


1 + 

Similarly, by (H, 

Now we can get the desired result 

£(i”i/2-lgipr„ gt(x,y)^ 


2™/2-i(m/2- 1)! 
\/^(s + \/^)™/2-i 


1 + 




1 + 


e 'Pycc 


— e 


,i{m- 2 )p_ 


s+\/^ 


1 + 


e‘Pyx 
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In order to simplify the expression further, we need the following, 


1 + 


e 




= [(1 


e 


= [1- 


S + v— S + Y — 

2e-^Pix,y) e-^^Pyxxy{s - V^) ^rnl2 


s 

2e-^P 


as well as 


and 


{s + v^)Hs-v^y 

{l/2e^P{s + y/^) - {x, y) + l/2e~^P{s - \/^))]^ 

2e“^p m 

[—^— -j={scosp- (a;,y) + i\/^sinp)]^, 
s + V — 

e~^Pyx s + \/^ + e~^Pyx 


s + v — 


yx + (s — \/^) e^P{e "^Pyx + s — y/^) 


s + Y— s - 

Combining (ITSl) . (ITOl) and (flTl) . we get the following theorem. 

Theorem 2. The Laplace transform of the fractional Clifford-Fourier kernel is given by: 

s + y/^ + e~"Pyx 


£^^Tnl2-l ^ipFy _ L{m/2) 


2yf^ \(e cosp + i-v/^sinp — (x, y)))™/^ 


—e 


imp 


- -I- 


+ e Pyx 


(e*P(s cosp — iy/^sinp — (x, y)))™/^ / ’ 


(15) 


(16) 


(17) 


with y/^ = y/s'^ — |xP|yP. 

If we substitute —ix for x in Theorem [51 and denote y/+ := -^/s^ + |xp|yp, note that the norm here 
is the Clifford norm, we have the following theorem which can be used to get the kernel by transforming 
back and setting t = 1. 

Theorem 3. The Laplace transform of the fractional Clifford-Fourier kernel is given by: 


mm/2-l^ipTy^-it{x,y)y^ ^ ^{m/2) /_ S + y/T - ic ^PyX 


2yf+ \ (e“*P(scosp + iy/Tsinp + i{x,y)))™l'^ 


-v/+- 


ie '’Pyx 


(e*P(scosp — iV+sinp + i{x,y))}^/^ J ’ 


with y/+ = y/s"^ + |xp|y|^ 


3.2 Plane wave decompostion of the fractional Clifford-Fonrier kernel 

In this subsection we use the notation x = y = to denote two unit vectors. For x, y we also have 
the result in Theorem |3l This time, we could get the kernel by putting t = |x||y|. Denote r = \/s^ + 1, 



























R = s + \/s^ + 1, and {x,y) = cos 9. Using s = ^ and + 1 = Theorem |3] becomes 


"i/2-l„*pr„ -it(i.y)'. 


C{t 
r(m/2) 

r 

_ r(m/2) ^rn/2-l j^-m/2 


R — ie '•Pyx 


^ + jp-*P 

-tX 


le ^j/a; 


(1 + 2^ cosd - (^)2)™/2 (1 + 2^ cos6» - (^)2)W2 


(1 + 2^ cosd - (^)2)'"/2 
^g*rnp^+ *e-*P(- cos 0 + y A x) 


[ze COS0 + 


-ie-'P 


^-2ip 


R 


-) + (i? + 2ze *^cos0-5~)+*® A y] 


i? 


(l + 2i^COS0-(^)2)W2, 

Recall the generating function of the Gegenbauer polynomial m 


(18) 


(1 — 2xt + t"^)^ 




fc =0 


and its derivative with respect to t 


-A 


—2x T 2t 


(1 — 2xt + t2)'>'+l 


= Y,kC)^\x)t'^-^ 


(19) 


( 20 ) 




Note that consists of five parts. We use (ITO)) fe.g. the wedge term) and (l^ fe.g. second term) to 
write each of them as a series. When transforming back by m, we get the plane wave decomposition of 
the fractional Clifford-Fourier kernel as follows which can be compared with Theorem 3.2 in [7]. 

Theorem 4. The series representation of the fractional Clifford-Fourier kernel is given by 

K^{x,y) = 


where 

Al", = 

= 

np — 
— 


— F + X/\ yCfy^, 

OO 

-2-/2-2r(m/2)^*-'=(e*^'('=+™-2)-e-*^’'=)(|x||2/|)—/2+ij„/2_i+ai^l|y|)C'^/"”'^(cos0), 

/c^O 

OO 

2™/2-2r(m/2) ^ i-\k + m/2 - l)(e*Ufe+™- 2 ) ^ e-*^"=)(|x||y|)—J„/ 2 _i+fc(|a;||y|)G("^/"-')(cos 0 ), 

OO 

2™/2-ir(,n/2)^*-'=(e*J’('=+’-2)-e-*^'')(|x||y|)-™/V„/2_i+akl|y|)C^fe-f^(cos0). 

fc=i 


Alternatively, using the generating function of Gegenbauer polynomials, we have 


(1 + 2 COS0 


^e 


-'P ,-ie-'P 


R 


2a— m/2 


R 


-Y) 


• _ 'I'Q 


fe=0 

OO k 


= ^ cos(fc - 2a)0 


R 


a\(k — a)l 


k—0 a=0 

which means we can express formula dm equally as a Fourier series. 
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3.3 Even dimensional Clifford-Fourier kernel 

When p = 7r/2, the result in Theorem [3] reduces to 


^im/2) / s + y/+-yx _ s - y/+- yx \ 

27 + V ( 7 + + 7 , 2 /))”"/" ( 7 + - { x , 2/))-/2 J 

T{m/2) 

27 + 

/ {s - yx + 7+)(7+- {x,y))"^/^ - + {x,y))'^^‘^{s - yx - 7+) 

\ (s^ + {ix A yYY^I'^ 


( 21 ) 


When ml2 is even, (1311) becomes 


( s - 2 / 7 ( V -^ i 3 5 ( f )( 7 +)’ 




(s2 + (ia: A 77-/2 
E,=0.2,4.... (y)(7+)™/"-7-(+2/))' ' 


(- 7 , 7)7 


(s^ + (ix A y)2)”’./2 

= ( to /2 — 1 )! 

'(s-2/7(Ei=i.3.5.... (f)(7 + (ixAv)"^ - (x, 77”“^7" '(_(a;^y))a) 

(s^ + |x A yp)—/^ 

E, =0.2,4.... (y)(7+)™/^-7-(+7)^' 

(s2 + |a;Ay|7-/2 


( 22 ) 


where all the sums are finite. Simplifying (|22l) . we find that it is a finite sum of polynomials of type 
(s^+jxAvl^)'! ■ Formulas ([HI) and ([7]) show that the kernel can be expressed as a finite sum 
of Bessel functions. Now we can get the kernel expressed in terms of Bessel functions which has been 
obtained in a completely different way in [^. 

Theorem 5. The kernel of the Clifford-Fourier transform for even dimension to = 4n, n> 1 is given by 

= (7r/2)^/^ ( Am{u, v) + Bm{u, v) + {x A y)Cm(u, v) 


where u = (x, y) and u = |x A y| and 


m/4—1 

Amiu,v)= yy u 


^^m/ 2 - 2 - 2 l 1 (to/2)! J{m-2l-3)/2iv) 

1=0 


2H\ {m/2 - 21 - ly. 7™-2i-3)/2 


Bm{u,v) = 


a/4-1 

= _ „™/2 


;=o 


- 1 - 2 / 1 (to/2)! J[ m—2l— 3)/2(^) 

2H\{m/2-2l)\ i;("*-2/-3)/2 ’ 


m/4—1 

Cm{u,v) = - ^ U™ 
1=0 


/2-1-21 ^ (to/2)! 7™-2/-1)/2('^) 

2H\{m/2-2iy t,(m- 2 /-i )/2 • 
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Similarly, we can get the result when to/ 2 is odd. 

We can also obtain an alternative expression using exponentials. When to is even, we have found that 
formula m became 

r(fm/ 2 -i.^ry-ui.,y). ^ polynomial of s 

polynomial of s 

Hence we can use partial fractions to transform back, as 




'i/2-l -t{ix,y) 


c. 


2 m/2 

a.)" 


jk 


c. 


yx 


2 m/2 


jk 


Each Cjk can be obtained by the usual technique of partial fractions. 

In particular, the kernel of the 2-dimensional Clifford-Fourier transform can be obtained as follows. 
Formula m becomes 

1 2{s-yx)^/T-2^/+{x,y) 

2V+ s2-(xA?/)2 

s — yx—{x,y) s + {xAy) 1 

s'^ — {xAyy s^ — {xAyY s — {xAy) 

Transforming back, using o, we get the kernel 


K2{x,y) = 


This should be compared with section 4.2 in [2] and Proposition 5.1 in [^. 


3.4 A new integral representation for the Clifford-Fourier kernel 


When p = 7r/2, Theorem [3] becomes 

^ ( to / 2 - 1 )! / s + y/+-yx s-y/+-yx \ 

2^+ V(y++ ^ (\/+- 

By (0, ® and (HOD, we have 

1 j.m/2—1 

r-^(— _ t _-I = — _ p-i^,y)t 

^V+{V+ + {x,y))"^/^ (to/2-1)! 

ft m/2-l 

-\x\\y\t / [t^-u^)-^/^J,[\x\\y\{e-u^Y/^] 

do (to/2-1)! 

as well as 

C~^(— _i_) 

(7+-b (a;,2/))'"/2-i 

ft m/2-2 


(23) 


and 


r-i(A _ a; Ay 

V+(\/+-b (a:,y))™/2 
ft m/2—1 

= / {xAy)Jo[\x\\y\{f-u^y/^]^--—e-(^’y^-du. 

Jo (to/2-1)! 

Using the above three formulas, we can find the result in the time domain. Then setting t = 1, we get a 
new representation of Clifford-Fourier kernel for both even and odd dimension. 
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Theorem 6. The kernel for the m-dimensional Clifford-Fourier transform (rn > 3) is given by 

|x| 


Km{x,y) = 


TO — 2 


2 Jo 




-i J\x A y)Jo[\x\\y\{l - 

^ _ ^2)-1/2 _ ^,2)l/2]^W2-le(x.y)«d^ 


Jo[|a;|| 2 /|(l - u 2 )l/ 2 ]ym/ 2 - 2 g(..y)«^y 
+ ^ J\x A y) Jo[|a;|| 2 /|(l - . 

Remark 2. T/ie 2-dimensional kernel was given in the previous section. In this integral representation, 
the integral is divergent when to = 2. 



3.5 Generating function for the kernels of even dimensions 

In this section we compute the formal generating function of all even dimensional kernels 


Gp{x,y,a) 


E 


KP,{x,y)a^/^-^ 

r{m/2) 


where KP,{x, y) is the kernel of dimension to. Here the formal generating function means one can obtain 
the kernel from the derivatives of the generating function. Note that the kernel KP,{x,y) is in fact a 
function of {x,y), |x||y| and \x A y\. Recall that can be considered as an imaginary unit. So the 

sum Gp{x, y, a) is not a sum of functions from different spaces but a sum of functions defined on R^. 

When p = Trf2, the Laplace transform can be computed by 


E 

m=2,4,6,- 

1 


( to /2 — 1 )! 


£(^m/2-lgif r^g-it(x.y)^m/2-l) 


2-\/f- 


E 


m=2,4,6,-' 


V2-1 ( s-{-y/+-yx _ 

\i'/+ + {x,y))'^/^ {V+ - (x,y))"'G 


,imV 2 . S-y/T-yX 


s + \/+ - yx _ ^ ~ \/+ - yx 

2y/+{y/+ + (x, y) - a) 2y/+{y/+ - {x, y) - ae*^) 
s + ^/+ — yx s — — yx 

2-\/+(\/++ (x, y) — a) 2-y+(-v/+— (a;, y) + a) 


the first equality is by (l23l) . Using (0, ® and m, we then get 


(24) 


£ 


- 1 1 s + y+ - yx 

'/+{'/+ + (a;, y) — a) 


2^{-G,v)+a)t _ f (^2 _ y 2 )- l / 2 ^^ j |^||^|(^2 _ ^ 2 ) l / 2 jg (-( x . y )+ a ).^^ 

Jo 

pt 

|a^ll?/l / ““ ^ Ji(|a;||y|u)du 

Jo 

yx [ Jo[|a:||y|(f2-n2)i/2]g(-U.y)+a).^^ 


(25) 
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as well as 


£ 


-1 


s - V+ - yx 


.V+iV+- ix,y) + a), 

= -\x\\y\t [ (i2-u2)-l/2j^[|^||y|(t2_^2)l/2]g((x.y)-a)«^y 

Jo 


+ \x\\y\ / ) Ji{\x\\y\u)du 

Jo 

+yx [ Jo[|^||y|(t"-M2)i/2]e((-.y)-“)“dM. (26) 

Jo 

Combining (1^ and (PS|) . the generating function is 
G^/2{x,y,a) = e^-G’V)+-) 

-\x\\y\ [ {1 - u‘^)~^^‘^Ji[\x\\y\{l‘^ - u‘^yGjcosh{{{x,y) - a)u)du 
Jo 

+ \x\\y\ f sinli[((x, y) - a)(l - M^)^/^]Ji(|x||y|u)(iw 
Jq 

+yx / Jo[|x||y|(l - M^)^/^]sinli[((x,y) - a)M]dM 
Jq 

which only gives an integral representation. In the following, we will use different inverse transform 
techniques to get the closed form. Simplifying (IMl) further, we have 


E 


1 


(m/2 — 1)! 


£(^m/2-lgif r;,g-zt(a:,y)^m/2-l) 


- \/+ - yx 


771=2,4,6,- 

S + y/T — yx 
2 y/T{y/T + {x,y) — a) 2 V+(\/+— (x, y) + o) 
s - yx - (x,y) + g 
s2 + |x|2|y|2 - ((x,y) - a)2' 


Transforming back, we get 


s-yx-(x,y) + a 
\s^ + \x\^\y\^-iix,y)-a)^ 

= cos(\/|xP|y|2 - ((x,y) - a)2t) 

+ , + ^ sin(v'|xP|y|2-((x,y)-a)2t). 

V^|xP|y|2-((:,, j;)-a)2 

The last equality is by ([3]) and (|4]). Note that it equals the case m = 2 when a = 0. 
Alternatively, a tedious computation shows that 


s - yx - (x,y) + g 
s2 + |xp|y|2 - ((x,y) - a)2 

Here we introduced the matrix 


= (o i)(,+.4) 


A= (a-(x,y)) 


1 0 ) f 0 —xy 


0 — ly \yx 0 


We get the following 
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Theorem 7. The generating function for even dimensional Clifford-Fourier kernels for p — ^ is given 
by 


G^/ 2 {x,y,a) = (0 l) e ^ 

= cos(v^|a;|2|y|2 - ((a;,y) - a)2) 


+ {-yx - {x,y) + a) 


sin(\/|a;p|y|2 - {{x,y) - af ) 


v'N2|y|2-((^,y)-a)2 
We can get a similar result for the fractional case, i.e. general p. Denote 

K^{x,y)a^G-i 


Gp{x,y,a)= ^ 


m=2,4,6,- 


( to /2 — 1 )! 


Now 


E ^ 


2=2A.' 


^m/2-lgipry g-it(x,y)^m/2-l 

( to /2 — 1 )! 

s + ■/+ - ie~''Pyx 


2i/+ \s cosp + i-v/+sinp + i{x, y) — ae^P 




ie ^Pyx 


s cosp — i^/+sinp + i{x, y) — ae^P, 
j {—is — e~^Pyx) sinp + (s cosp + i{x, y) — ae^P) 
(s cosp + i{x, y) — ae^Py + (V+)^ sin^ p 
s — yx sinp + i{x, y)e^P — ae^^P 


(s cosp + i{x, y) — ae’^py + (VT)^ sin2 p ’ 
transforming back by m and (|3]), we have 

s — per sinp + i{x, y)e^P — ae^'‘P 


£- 


(s cosp + i(x, y) — ae^Py + (VT)^ simp 


= e--(co.(di) + 


with c = {i{x, y) — ae^P) cosp, d = sinpY^|a;|2|p|2 + {i{x,y) — ae*P)2. 
Alternatively, we have 

s — yx sinp + i{x, y)e^P — ae^'^P 


(s cosp + i{x, y) — ae'-PY' + (VA)^ sin^ p 


= (0 i)(^ + ^) '(I) 


where 


B = 


-/3+ 0 

— (—pxsinp + i(x,p)e*P — ae2®P +/3+) —/?-/ ’ 


with /3± the roots of (s cosp + i{x, y') — ae^P)^ + (v^)^ sin^ p, i.e. 


/3± = {—i{x, y) + ae^'P) cosp ± sinp(-\/—|a;|2|p|2 — {i{x, y) — ae®P)2). 


Again, we can have 


14 


















Theorem 8. The generating function for the even dimensional fractional Clifford-Fourier kernels is 
given hy 


Gp{x,y,a) 



_ , (x Ay — iae^P) sinp , ,, 

“(cos d + - - - - - - - - - sin d) 


with c = {i{x, y) — ae®^) cosp and d = smp^y\x\‘^\y\‘^ + {i{x, y) — ae^P)"^. 

At the end of this section, we give the kernel for general p when m = 2. It is also the case when a = 0 
in the generating function. The kernel for dimension 2 is hence given by 

Klf[x y) = g-d^yV)cosp^xAysinp 
which coincides with the work in and [7]. 
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